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In the following problem, a disk of radius R is attached to a slender shaft of length L, which is pinned
to another vertical shaft a point A. The disk and slender shaft swing freely about pin A. The disk
rotates about the longitudinal axis of the slender shaft at a constant speed w. The vertical shaft has a
precession rate of i and the swinging shaft and disk have a nutation rate @ from the vertical shaft.
The following will develop the equations of motion for the motion of the system using Lagrange’s

equations.
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Transformations between the fixed frame 4 and reference frame 3 of the shaft and disk are:
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Taking the process in reverse yields the transformation from frame Bto 4
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The kinetic energy for the disk is the sum of the translational energy and the rotational energy. For
the disk, the kinetic energy is

Copy write 3/26/2002, Volaeris Engineering, LLC.
This document is the sole property of Volaeris Engineering, LLC and is protected by US copyright laws. This document may
not be copied, duplicated or distributed in any form without the written consent of Volaeris Engineering, LLC.



VOLAERIS ENGINEERING, LLC

m, _ _ 1
Tdisk =72(VB 'VB)+§(1xxa)f +]yya)j +[zza)z2)

First, we calculate the total angular velocity of the disk taking advantage of the coordinate
transformations above such that all base vectors are resolved into the frame of the disk

@, = WK —0]—oi = —(ycos@+w)i —6 ] +ysin Ok (1.1)

The linear velocity of the disk is simply the velocity at point B.
V, =V,+,0,xLi Where, ,@, =—yrcosé — 6 +ysin bk

Since the velocity at point A is zero, we have
V=, @, x Li =[-yrcosi — & +yrsinGk]x Li

v, = Lyrsin 0} + LOk = L(y sin 6] + 6k) (1.2)
We can now put together the total kinetic energy of the disk
r .. o 1 : : g .
L = m22 [ sin® @+ 6] +§[1” (y cos 0+ )’ + Iyyé’z + Iyyl//2 sin’ 0] (1.3)

Using the principle moments of inertia of the disk
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Substituting these moments of inertia into equation (1.3) simplifies the kinetic energy for the disk to

1 2( <2 - 2 2 1 m2R2 ) 5 1 m2R2 . 2
Ty = 5 m, L (w sin’ 0+ 0 )+ 51 (t// sin’ 0+ 0 )+ 5™ (¥ cosf+w)

(1.4)
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Now, we examine the kinetic energy of the shaft. Since the shaft is not rotating about its own
longitudinal axis and only rotating about the Z-axis of the vertical shaft and about the pin at point A,
the total angular velocity of the shaft is simply
O = 4Dy =K —0j = —yrcosfi — 0] +yrsin Ok (1.5)
The linear velocity of the mass center of the shaft is
Ve =Vy +5shaﬁx(l‘/2)f
v, =[—cosbh — G +ysindk]x(L/2)i =(L/2)ysing +(L/2)bk
v, =(L/2)[ysin 6] +6k] (1.6)

Now having the total angular velocity of the shaft and its total linear velocity, we can now obtain the
total kinetic energy of the shaft
m o — 1 2 2 2
7;haft = 7 (Vs ' vs) + 5 [‘]xxa)shaft—x + Jwa)shqft—y + Jzza)shqﬂ—z :‘
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Assuming a slender rod, the moments of inertia of the rod for rotation in frame @B are
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Collecting all the terms and making the substitutions, the kinetic energy of the shaft simplifies to

2
Ty = %[02 +ysin? 0 | (1.7)
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Summing the energy of the shaft and disk, the total kinetic energy of the system can now be written

as
2 2
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mle 1 20 )
+ 3 (Ej[é +° sin 49] (1.8)
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In order to simplify the equations we make the following substitutions

R? R? I’
=] and I"=| 22 +mzL2+m1
2 4 3

Equation (1.8) can now be written as

14 1 . . . , 1 .

Now, we need to derive the total potential energy of the system. Using point A as the datum, the
potential energy is simply the sum of individual potentials of the shaft and disk

U:—ngLcosﬁ—%cose:—chosﬁ(%ﬂnz] (1.10)

We now have everything needed to form the Lagrangian Function, L. Using the Lagrangian we can
systematically write the final equations of motion for each generalized coordinate.

L=T-U
L=I" 1 [y)zsin2¢9+92]+l' 1 (t//cos9+a))2+ch0s9 ﬁ+m2 (1.11)
2 2 2
First, let’s start with v
3
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%(%j :%[1”1//2 sin” 49+I’(1/'/cost9+a))cosﬁ]
:I"(zﬁsinz¢9+t/'/2sin9c0599)+I’cost9(tﬁcost9—t/1sin<99)
—I'Sinﬁé(lﬂcosﬂ—i-a)) (1.12)
:1/'/'(1”sin26?+l’cos2 49)+t/'/(l"sin2496?—I’sin2€9)—]’sin¢9¢9a)
=1/7(1”sin219+1'cos2 9)+l/'/sin26’9(1”—1')—1'sin0€’w

oL
Since there are no terms that are functions of i, (—j 0.

oy
For the & coordinate we have the following
d (oL s
—| = |=1"0 1.13
dt(aej (.19)

(S—gJ :[n(z/'/sinecose)—I'(cpcos9+w)1/)sin¢9—gLsin&(%+ mzj
(1.14)
=(1”—1')l//2 SjHGCOSO—]'Wa}sinG+gLsin6’(%+m2]

Since there are no non-conservative forces acting on the system, the virtual work done in the oy and
o0 directions are zero

Q,,,:QHEO

We now have everything we need to assemble the equations of motion. The corresponding

Lagrangian equations are:
dfoL) (oL)_,
dt\ 6q; ) \ 0q;

for the  and @ coordinates we have

1#(1”sinz¢9—|-]'cos2 6)+1/ksin209(1"—I')—]'sin@éa)=0 (1.15)
I'o+(1'-1")y’ sin000s¢9+1'y'/cosin¢9+gLsin@(%erzj:0 (1.16)
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