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A Ja A cart, of mass 5m, rolls along the ground
. and is connected to a wall by a linear
spring with a coefficient of 8K. From the
top of the cart a block, of mass m, is
suspended down the front incline of the
cart by another spring with a spring

8k coefficient of 3K. The cart rolls along the
—JF\';FITIW- grounq without sI.ipping.. Derive the
suiiee equations of motion using Lagrange’s

equations.

Solution:

The first thing to look at in this problem is the selection of the generalized
coordinates. We can immediately see that we will require two frames of reference.
The first frame, 4, is the inertial frame in which the cart rolls along the ground. The
second frame, @, will reside in the frame of the cart oriented along the forward
incline. The suspended block at the top of the cart moves with respect to this frame.
Our two generalized coordinates are:

1. X, inthe, of the cart along the ground

2. u inthe i, direction for the motion of the block along the forward incline

The first thing we will need is a set of transformation equations for changing basis
vectors between frames 4 and B.

i, =cos@l  +sinbJ

Js =—sin@I, +cos@J, (1.1)

k=K,

We'll first start with writing the kinetic energy of the cart. As the cart move along the
ground in the 1, direction its kinetic energy is

1

T, =E(5m))'c2 (1.2)

cart
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Next, we need the kinetic energy of the block. The total linear velocity of the block is
the sum of the velocity of the cart plus the velocity of the block with respect to the
cart. For the kinetic energy of the block we have

Thws =5 (5T, + 4y )- (T, + ) (13)

Using the transformations in equation (1.1) we write the kinetic energy of the block
as

1ok = _(XI_A +/1(c0s6’I_A +sin QjA))-(XTA +ﬂ(cos€I_A +sin6’jA))]

(()'c+,[tc050)7A +ﬂsin0jA)~((5c+,acos€)TA +/1sin6’jA)J (1.4)

NI O[T 3

(% + ftcos 9)2 + f1* sin® 9}

The total kinetic energy for the system is the sum of equations (1.2) and (1.4)

_S_m.2 ﬁ . . 2 c2 s 2
T= 5 X +2[(x+,ucost9) + £t sin 6’} (1.5)

The next step is to determine the total potential energy for the system. In this
problem, the potential will consist of the gravitational potential for the block and the
conservative forces in the springs. Since the cart does not move in the vertical
direction, there is no change in its potential.

Using the top of the cart as the zero reference datum, we have for the potential
energy of the block

Uppoer =—mgusin® (1.6)

If we let the undeflected spring positions for the generalized coordinates be zero, we
have for the potential energy stored in the springs the following equation

1 1
U s = 5 (86) 6+ (3) (1.7
The total potential for the system is then
U=—mgysin9+%(8k)x2+%(3k),u2 (1.8)

Having both the total kinetic and potential energy of the system, we can now write
the Lagrangian, L=T-U.
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=" +ﬂ[()'c+,acos6?)2 + f1% sin’ 9} +mgu sin9—1(8k)x2 —l(3k)y2 (1.9)
2 2 2 2
Let’s start with taking derivatives for the x coordinate
d(oL) d
—| — |=—| Smx+m(x+ fcos@
dz(axj dt i+ m (¥ +ficos )] (1.10)
= 6mx + mjicosd
oL _ —8kx (1.11)
ox
For the u coordinate we have the following derivatives
%(2—2) :%[m((x+ﬂcos0)cos0+ﬂsin2 9)]
d
=—(mcos@x+mf 1.12
~(meosi+mpr) (1.12)
=mcosOx+mji
6—Lzmgsin49—3/7cu (1.13)
ou

Assembling equations (1.10) - (1.13), we have the final equations of motions

6mx+mjicos@+8kx =0 (1.14)
mxcos@+mjii—mgsin@+3ku=0 (1.15)
3
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